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MTO 12.3 Examples: Duffin, Just Intonation in Renaissance Theory and Practice

(Note: audio, video, and other interactive examples are only available online)
http://www.mtosmt.org/issues/mto.06.12.3/mt0.06.12.3.duffin.php
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Table 1.Renaissance Interval Ratios

Interval

minimum semitone
minor semitone
major semitone
maximum semitone
minor tone

major tone

minor 3rd

major 3rd

perfect 4th

augmented 4th

diminished 5th

perfect 5th

minor 6th

major 6th

minor 7th (lesser)
minor 7th (greater)
major 7th

8ve

*Ramos also uses the 256:243 Pythagorean limma. His 10:9 minor tone is comprised of the 135:128 and 256:243 semitones, rather than the 16:15 and 25:24 varieties.
$Gaturius recognizes the just ratios 5:3, 8:5, 5:4, and 6:5 but prefers the Pythagorean intervals. He does imply that “singers™ use just ratios (I1.34, 35).
**Zarlino (1588) gives this erroneously as 18:8 w

=

Example Ramos Gafurius Spataro Folgiano Cardanus Vicentino  Zarlino Salinas  Galilei
(1482) (1518) (1521) (1529) (c. 1546) (1555) (1558, 71, 88) (1577) (1581)
C,, - C#, 25:24 25:24 25:24 25:24
Cy - C#, | 135:128% (256:243) 135:128 | 135:128 (18:17) 135:128 135:128
Cy - Db, 16:15 16:15 16:15 16:15 (17:16) 16:15 16:15 16:15
C., -Db,, 27:25 2725 27:25
Cy - D, 10:9 10:9 10:9 10:9 10:9 10:9 10:9 10:9
Cy - Dy 9:8 9:8 98 9:8 9:8 9-8 9-8 9:8 9:8
Cy - Eb,, 6:5 (32:27)% 6:5 6:5 6:5 6:5 6:5 6:5 6:5
Cy - E; 5:4 (81:64)% 5:4 5:4 5:4 5:4 5:4 5:4 3:4
Cy - Fy 4:3 4:3 4:3 4:3 4:3 4:3 4:3 4:3 4:3
Cy - F# 45:32 45:32 (10:7) 45:32 45:32 45:32
Cy - Gb,;| 64:45 64:45 64:45 64:45 64:45
Cy - Gy 3:2 3:2 3:2 3:2 3:2 3:2 3:2 3:2 3:2
Cy - Ab,y 8:5 (128:81)% 8:5 8:5 8:5 8:5 8:3 8:5 8:5
Cy - A 5:3 (27:16)f 5:3 5:3 5:3 5:3 5:3 5:3 3:3
Co - Bby 16:9 16:9 16:9 16:¢ 16:9
Co - Bby | 95 9:5 9:5 9:5 9:5
Gy - B, 15:8 15:8 15:8 15:8** 15:8 15:8
Co - Gy 2:1 2:1 2:1 2:1 2:1 2:1 2:1 2:1 2:1

hich is impossible since it w

ould be more than an ocrave.




Table 2.Ratios and Cents

Interval Example Interval Ratio Result Cents Difference from
Pythagorean Cents

diesis C#-1- Db=: 20482025 1.011 19.55 3.91
syntonic comma Co - Csa1 81|80 1.013 21.51 1.95
minimal semitone Cs+1 - CH#a 25(24 1.042 70.67 19.55
minor semitone Co - C#- 135|128 1.055 92.18 1.95
major semitone Co - Db+ 16|15 1.067 111.73 1.95
maximum semitone C1 - Db+ 27125 1.080 133.24 19.55
minor tone Co - D4 10|9 1.111 182.40 21.51
major tone Co - Do 9(8 1.125 203.91 0.00
minor 3rd Co - Eb+1 &[5 1.200 315.64 21.51
major 3rd Co - Ea 5|4 1.250 386.31 21.51
perfect 4th Co - Fo 4(3 1.333 498.04 0.00
augmented 4th Co - F# 45(32 1.406 590.22 21.51
diminished 5th Co - Gb+1 64(45 1.422 609.78 1.95
perfect 5th Co - Go 3|2 1.500 701.96 0.00
minor 6th Co - Ab+: 8(5 1.600 813.69 21.51
major 6th Co - A 53 1.667 884.36 21.51
minor 7th (lesser) Co - Bbo 16|9 1.778 996.09 0.00
minor 7th (greater) Co - Bb+: 9(5 1.800 1017.60 21.51
major 7th Co - B 15|8 1.875 1088.27 21.51
Bve Co - Co 21 2.000 1200.00 0.00

Select Pythagorean Ratios

Pythagorean comma Co - B#o 531441(524288 1.014 23.46
minor semitone Co - Dbo 256|243 1.053 90.22
major semitone Co - C#o 2187|2048 1.068 113.69
tone Co - Do 9|8 1.125 203.91
minor 3rd Co - Ebo 32|27 1.185 294,13
schismatic major 3rd Co - Fbo 8192|6561 1.249  3B4.36
major 3rd (ditone) Co - Eo 8l|64 1.266  407.82
tritone Co - F#o 729|512 1.424  B11.73
minor &th Co - Abo 128|81 1.580 792.1B
major 6th Co - Ao 27|16 1.688  905.87
minor 7th Co - Bbo 16|9 1.778  996.09
major 7th Co - Bo 243|128 1.898 1109.78

Other Ratios

minor semitone cC - C# 18|17 1.059 98.95
major semitone C - Db 17|16 1.063 104.96
augmented 4th C - F# 10|17 1.429 £17.49



Table 3.Common Microtonal Intervals of Just intonation

Interval Example Ratio Cents
diesis d.chlhl 2048:2025 19.55
syntonic comma GcCia 81:80 21.51
diesis GocBho 531441:524288 23.46

Table 4.Just intervals with their sounds

Interval Example Ratio Cents
minimal semitone qu_z 25:24 70.67
minor semitone Q,cc#_l 135:128 92.18
major semitone Q)qDLﬂ 16:15 111.73
maximum semitone CoCDL+2 27:25 133.24
minor tone GcDy 10:9 182.40
major tone G¢Do 9:8 203.91
minor third Q)cElul 6:5 315.64
major third GCE:1 5:4 386.31
perfect fourth Gch 4:3 498.04
augmented fourth Q,cF#_l 45:32 590.22
diminished fifth GGy 64:45 609.78
perfect fifth G¢& 3:2 701.96
minor sixth CocALul 8:5 813.69
major sixth GoGAL 5:3 884.36
minor seventh (lesser) Cqulvo 16:9 996.09
minor seventh (greater) CquLﬂ 9:5 1017.60
major seventh GcBa 15:8 1088.27

octave GG 2:1 1200.00
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Example 1d.Be n e d
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+2

+1

+2

+1

_@

+2 +1 +2

+2

I l'

+1

+1 51 +1

+1

+1

-

) 3

!
I

+2 +#1 32
1

€

1
1

+1 41
—
. {

+1

+1

-1
-

+2 +2

+2

L

+1

+1

2 Y]

+2 +1 2

+1

+1

+2

42 +1

+1

+1

i |

1
e |

& L)

+2

+2 +2

+2

+1

+2 +2 +2

12

i |

-

+2

+2
-
1
1

+2

+1 32 +2

+1

+2
1
1

R S )

+2

+1

+1

+2

+2

i)

+2 +2 +1

——

+1




Example 3b.R o r Hdilas, commentending) in Duffin version
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Example4cBl ackwoodds first Lasso example in Duffin
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Example5b.Bl ackwoodds second Lasso example in Duffi.i
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Example 6.Thomas TallisLamentations of Jeremiglend of the 1st part)
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Table 5.Problem Spots in the Exercises

In the G Mode exercise, first of all, note that theirCthe alto voice at
chords 210 is not pure in the fminor triad of chord 9 (to be pure, i
ought to be at +1). However, since the C is tied over to chord 10 whu
needs to be pure to the modal final 0f,& have placed it at 0 it to be pL
to the G. Blackwood would probably have started it at +1 for chord 9
then changed it to 0 at chid 10.

Inthe C Mode exercise, at chordscllF, there is again a problem with t
/| O0AY (GKS (GSYy2NJ LINIHOD ¢KS | A
passing. The C should really be at +1 in order to be pure to both the
the E, but it needs to be atifi the next chord to be pure to the G. Sin
chord 16 is dissonant anyway, the C is tolerable as a narrow minor 1
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A similar situation occurs at chord 24tie D Mode exercise. The
a2LINF y2Qa / Aa adaAaLISYRSR G b
passing. In order to be pure to the G in the bass and alto, the C shot
at 0 and the E atl. Given that as a suspension the C must be at +1,
needs tostay at 0. The fact that the chord is a passing second inver.
makes it less unpleasant.

At chord 29, also in the D Mode exercise, th@t,and B are all pure tc
one another approaching the cadence to A at chord 30, but the D sf
technically be at +1 in order to be a pure minor third above the B. It
remain at O beause it's tied over from chord 28, however, and in fact,
linear motion is preferable this way to the extremely wide semitone.q
descending tech 1. In any case, 20 Gh . is a better tritone than Dito G
-1, and since the D is also dissonant to the E, the impurity is not ¢
noticeable. This does raise the question of what to do with domina
seventh chords when they occur in later music, since those sam:
impurities will always be an issue.



